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Physics Solver in Roblox
Computes the motion of constrained rigid bodies.

GAME DEVELOPERS CONFERENCE




Support for Complex Mechanisms
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Typical Physics: PGS Solver
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Roblox Physics: LDL-PGS Solver
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Symbolic Phase Numeric Phase
Once per mechanism Every frame
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Constraint Examples

Ball In Socket Hinge

GOC
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Constraint Examples
* Ballin Socket
* Hinge
* Rod (Distance Constraint)
* Prismatic
* (Cylindrical
* Angular limit
* Positional limit
* Rope
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4 . : ) m )
Coordinates: Constraint
. Position Op e rotation matrices

2. Orientation * quaternions

Pa Fa = (pa» Oa) l—‘b = (pb’ Ob)

Pp

Differentiable function of coordinates: N
/

= Constraint Space

c(l',T},..) € R? Ld Degrea
Bodies respect the constraint if:

c(I',,I},...)=0
Must be regular on the zero locus:
Jacobian has full rank < d = number of DOF removed
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Ball in Socket

x,- pivotin local space of a
xp- pivotin local space of b

Constraint Function: D
c(l',, I}) = (Pa + Oaxa) — (Pb + Obxb) e R’

—~—
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Ball in Socket

uy, 1 v, v,
in world space

Constraint Function:

(Do PNaxq) — (Pp + 0pxp)
c(I'y, Tp) = (oawg) « (opup) € R°

(0qvg) - (0pup)
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Velocity Space Constraint: Jacobian

Take the derivative of the constraint:

d Va
EC(FLU Fb' ) — (76 ' 17:b

matrix

{]acobian: d X 6n

vﬁ 4{ Linear Velocity ]
Ve = l“)ﬁ

[ Angular Vﬁ
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Jacobian:




Jacobian: Ball in Socket

c(I'y, ) = (pg + 04%4) — (pp + 0pxp)

d
EC — (Ua — 0gXg X wa) — (vb — OpXp X (‘)b)
Va

a)a
— 7

Up
J(a) J(b) Wp

C

= |Id _(Oaxa)>< —Id (Obxb)x]
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Mechanism

[t's a collection of Constraints and Bodies:

[Global Constraint [ ] ) a b ]

Each constraint:
2or3 bodles

Jo
<71

d
- CTg, Iy, ) =

[ Each row: 1%{
| non-zero entries
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C3

770 0 g7,

a b )
Jde = 1( | {bi (()c) X : '
0 Js ; 0 |
00 g7 gl

a b C d
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Euler Integration Step
V, := Velocitiesatt = 0

Velocities next time step: o R
V) = VO/ ' e

—I@- External Forces - dt
D’Alembert’s Principle %
Lagrangian Multipliers

+W M)
Solver: finds A such that: aka Impulses
JVi =0
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Linearized Constraint Equation

:R‘-
i

KA
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PGS Solver

Projected Gauss-Seidel t Gauss-Seidel ;
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LDL-PGS Solver

Projected Gauss-Seidel ;

Sparse
LDL

Block GS

)
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LDL-PGS Solver

LDL

Projected Gauss-Seidel t Block GS ;
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Solving KA = R : (Projected) Gauss-Seidel

_ : Bottleneck: many
[ Residual A = Estimate non-zero terms!
} O
SR; = R; —K)
- —1
[ = rOws Ai «— Ai + Di 6“]%

element

(Project A;)
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Faster Calculation of K ; /
Constraint Equation:

KA=R
) R
Vo
JWJIA) =R

" Velociy Changes ]
In Gauss-Seidel replace: oV

jCiA \ 4 (71517




Impulse Solver (Kaczmarz Method)

A = Estimate, 8V = W /JtA
‘ Only 50 Float

Ai - Ai n Di_l(fRi B Ji5V) Operations

| : JRe
(Ai — Project(/ll-))
l = IrOWS ‘
| (YVai +=W, [Jl.a]tﬁAi j Upfiate OV using }
t ———_solution changes d A;
§Vy, += Wy |37 | 8A;
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Block Structure

Row partition:
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Partitioned Constraint Matrix

A

Transposed

J

GAME DEVELOPERS CONFERENCE



Block Impulse Solver

A = Estimate, 8V = WA

l

I—»

I = elements of
partition

Inverse of a square
matrix

~

Ani — Ani + M_ Rni o JﬂiSV);[ Block solver doesn’t

[

6V += W, 6L,

support projection.

~

v
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We need to solve:

0Ny, = N, 167
Small dimensions => easily invert JV;
Ex: natural partition based on constraints:
* aball-in-socket (dim = 3x3)
* ahinge (dim = 5x5)
* acylindrical (dim = 4x4)

JN; are invertible because constraints are regular
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Idea: group all equality constraints together

o : rows of all equality constraints
4,15, ... - other individual rows

(e~ 0= Mo = I, W,

constraint matrix of equality constraints.
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How to evaluate?

H1(...)
Potential issues with H: Solutions:
1. Notinvertible 1. Regularize: add compliance
2. Large dimensions 2. Use a sparse method

3. Large dense submatrices 3. Increase sparsity: split bodies
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Compliance and Regularization

H is symmetric positive semidefinite.
[t may be not be invertible, but N

€; are not unit free,
€o scale dependent

J

~

H=H + €4

[s invertible for any €,, €4, ... > 0

Use a scaled diagonal:
€ =€-H;; forsmalle > 0

Adds compliance to constraints!
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Compliance and Regularization
Traditional PGS engines also use compliance to stabilize
solutions

PGS for HA = R

with Ai @i

for each row
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Sparse Methods

50 100 150 200 250

50 -
100 A
150 A

200 A

250 H—m4—m™—m—-——7"+"—/—"—"7—"r—+——7—+——"7+
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Sparse Methods

07
50
100 -
150 ]

200 A

250

#HConstraints = 50

Dim(H) = 246
Density(H) = 12%
Sparse Cholesky LDL:
Flops = 90k

Performance (Core i9) = 70us



Cholesky LDL Decomposition
Any Symmetric Positive Definite matrix can be
decomposed as

A =LDL'
Where
L — lower triangular with 1s on diagonal
D — diagonal
This is useful because both £=! and D~ can be efficiently
evaluated.
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Useful to compute A~ v
A lwv=0ULD L YHy
=LY (D YL )

Where
L72(),L75(C)
Computed by back-substitution and
D™(")

Are scalar products.
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Block LDL
Suppose A is SPD and has a block structure:

MR
I N
ChCiaE




Block LLDL

[t can decomposed as

A =LDLE
[* *] [1 ]
) ) -3k k K 1
D - ol b [11 }
* ok ok * %k 1
[*] [+ «]  [x x *] [1]
‘D and L inherit the block structure from A.
Block LDL vs LDL?

Performance: block operations faster than scalar!
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LDL: Algorithms
There are at least 2 algorithms:
e (Gaussian Elimination € we’ll use this one
* Doolittle Algorithm
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Schur Complement

./

gt
S

v

gt



Schur Complement

NoEl
E S
H Id N~ 1gfl
E N LoId O S—¢E N ! 8 t Id
Lower T;:angular Block DTagonal Uppel‘ Trlangular

Block Gaussian Elimination = Recursive Schur complements
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Block Gaussian Elimination
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Block Gaussian Elimination

Schur Complement:
1. Invert JV;
2. Compute:

L*,i — 8*,iM_1
3. Reduce:
CS‘i N CS‘i o g*,iLi,i

Id Id
Id N; 0 Id ﬁi,i
L* i Id 0 Si — E*,iLi,i_ Id
§ v y, \ v J/

L*,i] — Elementary Matrices — [ﬁ*,i]t
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Block LLDL

No
D =
Nn—1
1
T 1
L=|Lo|[Li1] " [Lin-z] = f
*,0 L*,l :
Lol Lo, 1
H = LDLE
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Inverse Operator

H v =LYD (L))

L7 = [—L*,nt—Z] [:L*,l][_L*,O]
L7 ==Loo] [-Lia] -+ [~Lin2]

@

D_l
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Sparse Block LDL

Constraints

<
e I

No Ef, €&
gU) 'AG 0
H=1&, 0 I

0 gn—Ll 0
Where some &;;’s are 0.

Can we reduce the operation count in the Gaussian
Elimination?
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Yes absolutely! Here is how:

* Sparse matrices < Graphs

* (Gaussian elimination < Process on graphs
* Pack the sparse matrix data in memory
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Body Graph
* Nodes: Rigid Bodies
* Edges: Constraints

Constraint Graph
[t is the Edge Graph of the Body Graph:
* Nodes: Constraints
* Edges: Common bodies between constraints

Constraint Graph = Graph of the Constraint Matrix
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Constraint Graph

Constraint Matrix Constraint Graph

Diagonal block JV; Node n;
Off-diagonal block &; Edge e;; between n; and n;

Gaussian Elimination Graph Elimination
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Knuckles

Steering

Constraint Graph
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Gaussian Elimination on Graphs

O
z 4 new edges
n; is called the Pivot. %
Schur Complement of 7;: no new edges
1. Add edges between neighbors of 7;
2. Eliminate edges with node n; O

GOC
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Gaussian Elimination on Graphs

7 1 new edge
o ©
Schur Complement of /V; on Graph:%

1. Add edges between neighbors of 7;
2. Eliminate edges with node n;

©® 1onew edges
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Gaussian Elimination on Graphs

A perfect elimination order for this graph is:
11,3,0, 2, 4]
Does not always exist!

Elimination Game: minimize the number of
new edges

Finding such ordering is NP-Complete.
E - There are good heuristics!
‘ GAME DEVELOPERS CONFERENCE
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Gaussian Elimination on Graphs

Heuristics for Graph Elimination:

* Minimum Degree Algorithm (MDA)
* Fast but generates mediocre ordering

* Minimum Edge Creation Algorithm (MECA)
* More expensive but better ordering
* We only need to compute this once!
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Gaussian Elimination on Graphs

Minimum Edge Creation Algorithm (MECA):
At each step, eliminate the pivot that creates a minimum
number of new edges...
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Gaussian Elimination on Graphs
Graph Elimination gives us:

1. An ordered sequence of nodes (pivot sequence):
Pivots = |ng, nyq, ... |
2. For each pivot n; a sequence of eliminated edges (edge
sequences):
Ellm(nl) — [ejo,l-, ejl,l-, ]
These sequences should be sorted in pivot order:
Nj, < Mj, <
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Sparse Block Matrix Memory Layout

Blocks in Column Major Elements of blocks in Row Major

. Node Matrices
. Edge Matrices
Fill ins (created edges
% by elimination)
»
.
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Sparse Block Gaussian Elimination

1. LDL decompose the pivot
Ny in-place, Dy :== LDL(N,)
2. Compute L,, = &, Ny 'in
‘ a temp buffer
— s 3. Reduce §y « Sy — E.0LL,

touched by

reduction 4_. Replace g*,o — L*;O
Indexation
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Sparse Block Gaussian Elimination

1. LDL decompose the pivot
N7 in-place, Dy := LDL(N7)

2. Compute L,; =&,,N; 'in
a temp buffer

3. ReduceS; « 8§ — &1L,

4. Replace€&,; « L, 4
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Sparse Block LDL Decomposition

Already LDL
decomposed
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d

Reduction Scattering Indexation
- SO size of RSI

&N, [0,0] h(h + 1)
&Ep 410,0] )

SNI001 - v

&Ep o[1,0]

&N, [1,0] h, =5,
&Nb[l,l] SlzZze = 15
&Ep o[2,0]

&N, [2,0]
&N, [2,1]

© 0 N O 01 b W DN P+ O

0
1
0
1
2
0
1
2
3
0

5 &N.[1,1]

| =
o

14

RSI better use indices => less memory!
Precompute during symbolic phase.
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Performance of Block LDL

h>d Operation count: Memory Access:

H 1. LDL(V) ;%3 1. LDL(V) 28D
2. L=ENT":hd 2. L=¢EN"':2hd
L @ 3 S=8—-ELL: dh(h+1) S =8 —-E&LY:2hd h(h2+1)

(L)

Modern processors:
S * Good at floating point operations

 Bad at memory access
Op Count

"~

Mem Access

— Fastest for large d,aslongas d < h
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Reduction Step: 70% CPU Time

templ@mt degree' | l ' I

void reduce(float* S, const float* E, const float* L, const uint* rsi, uint height)

{

for (uint i = @; 1 < height; i++)

{
for (uint j = 0; j <= 1i; j++)
{
S[ *rsi ] -d(ﬁéiProduct<deéE§§>(E + 1*Dim, L + j*Dim);
i . <— degree —
rsi++;
}
}

- . eight
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Implementation

template<uint deg> void eliminatePivot (float* S, float* LTemp, float* N, float* E,
const uint* rsi, uint height)

{
// Dense LDL decomposition of N

ld1Decompose<deg>(N);

// Compute L = E * N*-1
computelL<deg>(LTemp, N, E, height);

// Reduce S -= E * L/t
reduce<deg>(S, E, LTemp, rsi, height);

// Don’t need the Edge Matrix anymore
// Overwrite with L Matrix
copy(E, LTemp, height * deg);
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Implementation

Use switch statement:

for (const Pivot& pivot : pivot

{

switch

{

case
case
case
case
case
case
case

v WINEO

(pivot.degree)

: break;

: eliminatePivot<1>(..
: eliminatePivot<2>(..
: eliminatePivot<3>(..
: eliminatePivot<4>(..
: eliminatePivot<5>(..
6:

eliminatePivot<6>(..

default: eliminatePivot(..,

5)

); break;
); break;
); break;
); break;
); break;
); break;

pivot.dimension); break; // Not templated for Degree > 6
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Tracked Vehicle

3 Components:
* Main body

* Lefttrack

* Right track
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50 A1
100 A

150 A

2001 ™

#Constraints = 40
Dim(H) = 200
Density(H) = 7.5%
Sparse Cholesky LDL:
Flops = 43k
Performance = 35us
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Multi-Wheeled Vehicle

0-

20 40 60 80

el —

20 -
40 -
60 -

80 -

#Constraints = 20 (=n)
Dim(H) = 88
Density(H) = 100%
Flops = 250k = 0(n?)

There is a solution: Body Shattering
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Multi-Wheeled Vehicle

#Constraints = 20 (=n)
Dim(H) = 88

A4

Density(H) = 100%
Flops = 250k = 0(n?)

Body Shattering

#HConstraints = 29
Dim(H) = 142

Density(H) = 17.5%
Flops = 35k = 0(n)
Performance = 34 us
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Shattered Multi-Wheeled Vehicle

20 -
40 -
60 -
80 -

100 -

120 -

140 -
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Dense Submatrices and Body Shattering

Large dense submatrix

it

Body with many constraints

Body Shattering:

* Find bodies with many constraints (total degree > 20)
* Split into smaller equal shards

* Join using rigid joints

* Distribute constraints over the shards

@ GAME DEVELOPERS CONFERENCE




Body Shattering

Constraint Graph

Body Graph
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_ LDL-PGS Solver _
Symbolic Phase Numeric Phase
Once per mechanism Every frame
Mechanism Structure Mechanism State
Body Graph Jacobian & Mass Matrix
Shattered Body Graph /mm Matrix
‘ N-1 iterations of ‘
_ PGS
Constraint Graph LDL Decomp
Elimination Seq. & RSI 1 iterations of Block GS

v

Constraint Impulses
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Many thanks to Roblox and the Simulation Team for caring
about awesome physics!
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